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1. INTRODUCTION 
In recent years, (k, n - k) conjugate boundary value problems have been studied extensively in 
the literature (see, for instance, [1-4] and their references). Most of the results told us that the 
equations had at least single and multiple positive solutions. In papers [1], [2], and [4], the authors 
obtained some newest results for the singular (k, n - k) conjugate boundary value problems. But 
there is no result on the uniqueness of solution in them. 
In this paper, first we get a unique fixed point theorem for a class of mixed monotone operators. 
Our idea comes from the fixed point theorems for mixed monotone operators (see [5-7]). In virtue 
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of the theorem, we consider the following singular (k, n - k) conjugate boundary value problem: 
( -1 )~-kx  ('~) = Af(t, x), 
x (~)(0) = O, 
• (~)(1) = o, 
0<t<l ,  A>0, 
0<i<k-1 ,  
O<j<_n-k -1 ,  
(1.1) 
for fixed 1 < k < n - 1, where f(t, x) • C((0, 1) x (0, +c~), (0, +o~)) and nonlinearity f may be 
singular at x = 0. 
2. PREL IMINARIES  
Let P be a normal cone of a Banach space E, and e • P with Ilell -< 1, e ¢ 0. Define 
Q~ = {x • P [ x ¢ 0, there exist constants m, M > 0 such that  me < x < Me}. 
Now we give a definition (see [7]). 
DEFINITION 2.1. Assume A : Q~ x Q~ --* Q~. A is said to be mixed monotone ff A(x, y) is 
nondecreasing in x and nonincreasing in y, i.e., if xl <_ x2 (xl, x2 • Qe) implies A(x~, y) <_ A(x2, y) 
for any y • Q~, and Yl <_ Y2(Yl,Y2 • Q~) implies A(X, yl) >_ A(x, y2) for any x • Qe. x* • Qe is 
said to be a fixed point of A if A(x*,x*) = x*. 
THEOREM 2.1. Suppose that A : Qe x Qe --+ Qe is a mixed monotone operator and 3 a constant a, 
0 <_ a < 1, such that 
A (tx, l y )  >_t~A(x,y), Vx, yEQ~,  0<t<l .  (2.1) 
Then A has a unique fixed point x* E Q~. Moreover, for any (xo, yo) E Qe x Qe, 
xn = A(x,~_l, Y~-I), y,~ = A(yn-1, xn-1), n = 1, 2 , . . . ,  
satisfy 
where 
x n ~ X , Yn  ~ X* ,  
[[x,~- x'I[ = o (1 - - r~)  , 
0 < r < 1, r is a constant from (xo,Yo). 
PROOF. From (2.1), 
l i y~-  x*ll =o(1- r~"), 
(x) A(x,y) = A (tt - lx,  t - l ty)  >_ t~A -~,ty , x, y E Q~. 
Then 
Vx, y E Qe, O < t < l. 
For any zo E Qe, by virtue of A(zo, zo) c Qe, there exist constants m, M > 0, such that 
(2.2) 
me < A(zo, zo) <_ Me, 
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and there exists a small 0 < to < 1 such that 
t~l-~)/2Me <_ zo <_ to(1-a)/2me, 
so we can obtMn 
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~(1--a)/2 < A(z0, zo) < zoto (1-~)/2. (2.3) Z01; 0 _ _  _ _  
The following proof is the same as that in [7]; we omit the proof. 
THEOREM 2.2. (See [7].) Suppose that A : Qe x Qe --~ Qe is a mixed monotone operator and 3 
a constant a E (0, 1) such that (2.1) holds. I fx~ is a unique solution of equation 
A(x,x) = Ax, A > O, 
inQ~, then ]lx~-Xao* [I ~ 0, A ~ Xo. I [0  < a < 1/2, then0 < Xl < A2 impliesx*al >xx~,* 
x* x* and Xl 7 ~ X2' 
lim Iix~,ll = O, lira Ilx~l[ = +oe. 
X--*+oo A--+O+ 
3. S INGULAR (k ,n -  k) CONJUGATE 
BOUNDARY VALUE PROBLEM 
This section discusses the problem 
( -1 ) " -kx  (n) = Af(t, x), 
x (~)(0) = o, 
x(J)(1) = O, 
Throughout his section we assume that 
f(t, x) = q(t)[g(x) + h(x)], 
where 
LEMMA 3.1. 
O<t<l ,  
O<i<k-1 ,  
O<j<n-k -1 .  
(3.1) 
t e (0, 1), (3.2) 
g :  [0, +o¢) --~ [0, +oo) is continuous and nondecreasing; 
h:  (0, +c¢) ~ (0, +c¢) is continuous and nonincreasing. 
(See [4, Remark 2.1, p. 253].) 
conjugate boundary problem 
( -1)n-kx(~) = O, 
x (~)(0) = 0, 
x (~) (1) = 0, 
(3.3) 
(3.4) 
Let G(t,s) be the Green's [unction to (k,n - k) 
O<t<l, 
O<i<k-l,  
O<j<n-k -1 ,  
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then G(t,  s) can be expl ic i t ly given by 
tk(1 _ _  8)k n--k-1 " . ft(1 -- S~lJ 
~-~ ('73 [ \ }l (~ ~n- -k - l - - j  
(k  
C(t ,  s) = 
(1 -- t)n--kS n.~: /¢--1 . l[n(.~_ t~ ~ 
O<t<s<l ,  
O<s<t<l .  
LEMMA 3.2. Let  G(t, s) be the Green's function to the (k, n - k) conjugate boundary problem, 
then 
1 _ t)~_ksn_k_l( 1 G(t ,s )  < min{k, n - k}(k  - 1)!(n - k - 1)! tk(1 - s 'k - l '  ~ 
(3.5) 
(t, s) • [0, 1] x [0, 1], 
and 
I 
G(t,s)>_ (n_ l ) (k_ l ) ! (n_k_ l ) ! tk ( l _ t )~-ks~-k( l _s )k ,  (t,s) e[0,1]x[0,1] .  (3.6) 
PROOF.  F rom Lemma 3.1, we  have 
~-k-1 s)]J(s _ tk(1 - s) k Gin_k_ 1 [t(lk- _ t) ._k_1_ j a( t ,  < (k - k - 1)! J 
j=O 
Also, we have 
tk(1 - s )k  t)]n_k_l 
= k! (n -k -1 ) ! [ t (1 -s )+(s -  
1 
k!(n - k - 1)! tk(1 - t )n -k - l s " -k - l (1  -- s)k 
1 
<- k!(n - k - 1)! tk(1 - t )~-ks~-k - l (1  - s )k - l '  O<t<s<l .  
G(t,  s) >_ 
tk(1 _ s) k ~-k-1 
(n-- 1)(k-- 1)!(n-- k -  1)! E C~-k-l[t(1 -- s)]J( s -  t) n -k - l - j  
j=0 
1 
= (n  - 1 ) (k  - 1 ) ! (n  - k - I ) !  tk ( l  - t )n -k - l sn -k -1 ( l  -- s)k 
1 
>_ (n -  1)(k - l ) ! (n -  k -  1)! tk(1 - t)n-ksn-k(l '"  -- s)k" 
Similarly, we can obtain 
O<t<s<l .  
(1 - - t )~-kS  "~-k k--1 
G( t , s )  = (k -1 ) ! (n -k  - 1)! E C]c-1 [(ln ---k-~j-t)s]J(~'e _ s )k_ l _  j 
j=O 
(1 - t )n -ks~-k  k-1 
< (n -- k ) (k  - 1)!(n - k - 1)7 ~ C~-I[D - t)s]J(t - s) k -~-~ 
j=0 
(1 - t )~-ks~-k  
(n - -  k ) (k -  1)! (n -  k -  1)! 
1 < 
- (n -  k ) (k -  1) ! (n -  k -  1)! 
tk - l ( l _ s )k -1  
(1 - - t )~-k tks~- -k - l ( l _s )k - -1  ' O<s<t<l ,  
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and 
G(t, s) >_ 1 
(n -  l)(k- 1)!(n-- k -  1)! (1 - t)~-ksn-ktk-l(1 -- s) k-1 
1 (1 -- t)~-ktks~-k(1 -- S) k, 0 < S < t < 1. 
>- (n -  1 ) (k -  1 ) ! (n -  k -  1)! 
The proof of Lemma 3.2 is completed. 
Let P = {x • C[0, 1] I x(t) >_ O, Vt • [0, 1]}. Obviously, P is a normal cone of Banach space 
c[0,11.  
THEOREM 3.1. Suppose that there exists a • (0, 1) such that 
and 
g(tx) >_ tag(x) (3.7) 
h ( r lx )  > t°h(x), (3.8) 
for an~, t • (0, 1) and x > O, and q • C((O, 1), (0, ~) )  satis~es 
fo s~-k-l-ka(1 -- S)k--l-(n--k)aq(s) < +CO. (3.9) ds 
Then (3.1) has a unique positive solution x*x(t ). And moreover, 0 < A1 < A2 imp/ies x* < x* AI  - -  A2' 
x* A1 ¢ x* ~2" If c~ • (0, 1/2), then 
l im ilx~,H = 0, l ira IIx~ll = +~.  
X--*O+ )~--~+oo 
PROOF. Since (3.8) holds, letting t - ix  = y, one has 
h(y) >_ tah(ty). 
Then 
1 
h(ty) < ~t-dh(y), 
Let y --- 1. The above inequality is 
h(t) <_ l h (1 ) ,  
~From (3.8), (3.10), and (3.11), one has 
h( r lx )  >_tah(x), h (1 )  > tah(1), 
t • (0, 1), 
Similarly, from (3.7), one has 
g(tx) >__ tag(x), g(t) >_ tag(l), 
Letting t = 1/x, x > 1, one has 
g(x) <_ xag(1), 
Vte(0 ,1 ) ,  y>O.  (3.10) 
Vt • (0,1). (3.11) 
h(tx) ___ ~h(x), h(t) ___ lh(1), 
x>0.  
(3.12) 
x _> 1. (3.14) 
t • (0,1), x > o. (3.13) 
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Let e(t) = tk(1 - t) ~-k, and we define 
Qe={xEC[O,  1] --~tl k(l_t)~--k <x(t)<Mtk( l_t)n--k,  tc[O, _ , (3.15) 
where M > 1 is chosen such that 
/0 sn-k-l(1--S)k-lq(s)A[g(1)q-S-ka(1--S)-(n-k)ah(1)] ds 
M > max m~- - -k -~- -1 )~m(n- -k  =I-~)T. ' 
(3.16) {folSn-k(1--s)kq(s)A[h(l)-t-Ska(1--s)(n-k)ag(1)] ds} -1/(1-a)} 
For any x,y C Qc, we define 
/01 Aa(z, y)(t) = • G(t, s)q(s)[g(z(s)) + h(y(s))] ds, Vt e [0, 1]. (3.17) 
First we show that Ax : Q~ x Q~ --, Qc. 
Letting x, y E Q~, from (3.13) and (3.14), we have 
9(z(t)) < g (Mtk(1 - t) n-k) < g(M) < M~g(1), t • (0, 1), 
and from (3.12) we have 
1 k h(y(t)) <_ h ( -~t  (1--t)~-k) <_t-k~(1--t)-('~-k)~h (~- )  
<_ M~t-k~(1 - t)-(n-k)~h(1), t • (0, 1). 
Then, from (3.5), we have 
fl n-k-X( 1 -s)k-lq(s) M~A [g(1)+s-ka(1--S)-(n-k)ah(1)]  ds
Ax(x,y)(t) <_ tk(1--t) n-k J° s 
min{k, n - k}(k - 1)!(n - k - 1)! 
<_ Mtk(1 -- t) n-k, t • [0, 1]. 
On the other hand, for any x, y • Q¢, from (3.12) and (3.13), we have 
(1  k ) (1 )  1 g(x(t)) > g --~t ( l - t )  n-k > tk~(1--t)('~-k)~g >_tk~(1--t)('~-k)~M~g(1), 
and 
(1 )  1 h(y(t)) >_ h (Mtk(1 - t) ~-k) >_ h(M) = h 1-~ > ~--gh(1), t e (o, 1). 
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Thus, from (3.6), we have 
~ l  s~-k( 1 -  s) kq(s) M-~A [h(1)+ sk~(1-  s)(~--k)~g(1)] ds 
A )` (x, y)(t) > tk(1 t) n -k  
- (n -  1)(k-  1)!(n- k -  1)! 
1 k > ~t (1 - t) '~-~, t e [o, 1]. 
So, A)` is well defined and A)`(Qo x Qe) c Q~. 
Next, for any I E (0, 1), one has 
/01 A)` (Ix, l - ly)  (t) = )~ a(t,  s)q(s) [g(Zz(s)) + h (Z-ly(s))] ds 
>__ ), a(t,  s)q(s) [~"g(z(s)) + l"h(y(s))] ds 
= l"A)`(x, y)(t), t e [0, 11. 
So the conditions of Theorems 2.1 and 2.2 hold. Therefore there exists a unique x~, E Qe such 
that A)`(x*, x*) = x~,. It is easy to check that x~, is a unique positive solution of (3.1) for given 
A > 0. Moreover, Theorem 2.2 means that if 0 < )~1 < >,2, then x~l (t) <_ x~2 (t), x~ (t) ¢ x~2 (t), 
and if c~ e (0, 1/2), then 
lim IIx~ll = O, lira Ilx~[I = +oo. 
A-*O+ l--*+c~ 
This completes the proof. 
EXAMPLE. Consider the following singular (k, n - k) conjugate boundary value problem: 
( -1 )~-~(~)  : ~ ( .~°  + x-~) ,  o < t < 1, 
x(') (o) : o, 
x (j)(1) = O, 
where )~ > O, 0 < a,b < 1, #_> O. 
0 < i < k -  1, (3.18) 
O<_ j<_n-k -1 ,  
Applying Theorem 3.1, we can find (3.18) has a unique positive solution x~(t) provided 
O<a,b<min{n-k  k } 
k 'n -k  " 
In addition, 0<Al<A2 impl iesx*  <x* x* Cx* I fa ,  bE(0 ,1 /2 ) , then  AI -- A2' )`I >,2' 
lim ]Ix~ll ---- O, 
A-*O+ 
To see that, we put 
c~ = max{a, b}, q(t) = 1, g(x) = #x ~, 
Thus 0 < c~ < min{(n - k)/k, k/(n - k)} < 1, and 
lim llx~ll -- +c~. 
A--*+~ 
h(x) = x -b. 
g(tx) = t~ g(x) >_ t" g(x), h (t- ix) -- tbh(x) >_ t"h(x), 
for any t E (0, 1) and x > O, and 
1 s~-k- l -k~( 1 _ s) k-l-(n-k)~ < +oc, ds 
and thus all conditions in Theorem 3.1 are satisfied. 
(3.19) 
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